This paper considers the case of Beck's column resting on a hereditary bed of independent springpots. The springpot possesses an intermediate rheological behaviour among linear spring and linear dashpot. It is defined by means of couple (C β , β) that characterize the material of the element and is ruled by a Caputo's fractional derivative. In this paper, we investigate the critical load of the column under the action of a follower load by means of a novel complex transform that allows to use the Routh-Hurwitz theorem in the complex half-plane for the stability analysis.
Introduction
Stability analysis of a cantilevered column subjected to constant intensity follower force applied to its free end is known as Beck's problem [1] . Since the first introduction [2] , the problem has been investigated by several authors [3, 4] for different engineering application [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . Models of follower agencies involves rocket thrust [17, 18] , MEMS [19] , spine biomechanical problems [20, 21] , civil engineering application. In several physical applications, however, the cantilever is externally restrained to model the external medium surrounding the column. External restraints are often represented as a bed of elastic independent springs [22] or of linear viscous elements [23] . In the former case, the presence of elastic restraints yields the wellknown Hermann-Smith paradox [22] . In the latter case, the viscous external restraints provide, instead, the Ziegler paradox [3, 24] . Models of external restraints in terms of linear springs and linear dashpots represents however limiting cases of real material behaviour known as Hookean or Newtonian description [25, 26] .
In order to capture experimental data on complex materials, combinations of spring and dashpots with specific arrangements have been proposed in scientific literature [27] . However, these models are often not suitable to described material behaviour in both displacement control (relaxation) or force control (creep) tests.
Recently, hereditary material description has been provided by means of the so-called springpot. This element is represent by a linear hereditary mathematical operators defined by two parameters C β > 0 and β ∈ [0, 1] [27, 28] . Such mathematical operator is defined as fractional derivative [29] [30] [31] [32] and it is basically a convolution integral with hypersingular kernel. Stability of dynamical systems ruled by fractional-order differential equations has been dealt in recent papers [33] [34] [35] [36] [37] by resorting to a Laplace domain approach. More recently the analysis of Beck's column resting different time of fractional-order external restraint has also been investigated to assess the influence of different kinds of external supports on the stability boundaries [38] [39] [40] .
The existing approaches, however, do not allow for a parametric analysis since no exact solution of the eigenvalues problem may be obtained and the well-celebrated Routh-Hurwitz criterion is not applicable. Indeed, the Routh-Hurwitz approach yields the number of eigenvalues χ j with positive real parts. Such a condition is not sufficient to enforce stability of dynamical systems with fractional derivative of order β since the stability is assessed in a sector of a complex Cauchy plane that satisfies the condition arg(χ j ) ≤ |πβ|/2 ∀ j = 1, 2, . . . n, with n the number of state variables of the dynamical system [25, 41] .
In this paper, the authors deal with the study of the cantilever Beck's column resting over a fractional-order hereditary foundation with a different approach extending the RouthHurwitz criterion to the stability of fractional differential dynamical systems. The influence of the differentiation order β and the anomalous dissipation coefficient C β are investigated showing some an unexpected effect of β on the critical load. The paper is organized as follows: §2 deals with the derivation of the column dynamic equilibrium equations over a hereditary foundation. In §3, the stability analysis of the column in terms of the state-space variables is provided §3b. The generalization of the Routh-Hurwitz criterion for the stability of fractional-order dynamical equilibrium is reported in §3c and parametric analysis is shown in §4. Some conclusions have been reported in §5.
Dynamic equilibrium of an elastic cantilever over a fractional-order foundation
Let us consider a Bernoulli-Euler elastic column with cross section A, length L and rotary inertial properties across the centroidal axis denoted as J 1 . Young modulus of elasticity has been dubbed as E and the material density as ρ, both assumed homogeneous along the column axis, dubbed x 3 in the following (figure 1). The column is clamped at x 3 = 0 and it rests on a bed of vertical and independent springpots defined by the couples (C β , β) assumed homogeneous along the x 3 -axis. The column is subjected to a follower axial load, dubbed P at the free end ( figure 1 ). In the following, we restrict our analysis to the onset of bifurcations from the undeformed (straight) configuration (figure 1) in the (x 2 − x 3 ) plane defined by the vertical displacement field w(x 3 ) of the column axis. Figure 1 . Onset of the column bifurcations and its generic section.
Df(x 3 ) Figure 2 . Onset of the column bifurcation.
where in the latter equation, we neglected the contribution of the axial stress moment that is a higher-order infinitesimal. Since onset of bifurcation is analysed the following approximations hold time sin(x) ∼ = x; cos(x) ∼ = 1 yielding the equilibrium equations in linearized formulation:
After some straightforward manipulations, and neglecting higher-order contributions, the governing equations of the onset of bifurcation read: 
the governing equation of the transverse displacement of the column over a fractional-order foundation as:
In equation (2.4), the fractional-derivative terms generalizes the case of Newtonian viscous foundation and it contains the anomalous viscosity coefficient [C β ] = F/LT β that depends on the order of differentiation and that reduces to the Newtonian viscosity as β = 1. The boundary value problem associated with equation (2.4) is defined with the aid of the initial and boundary conditions:
It may be observed that (2.1a)-(2.1c) rules the mechanics of the column resting on a fractionalorder foundation that is formally analogous to a well-known column on an elastic [2] and viscous [1] foundation. The onset of stability of the Beck's column resting on the fractional-order foundation is analysed hereinafter in non-dimensional form obtained by casting equation (2.4) in the form:
, with the associate boundary conditions:
Despite these formal analogies, stability analysis of the column in the presence of fractional order time-derivative needs a specific core as will be discussed in the next section.
Stability analysis of Beck's column over fractional-order hereditary foundation
In this section, the evaluation of the critical instability load of the Beck's column is outlined. Stability analysis is conducted, as usual, introducing the variable separationw(ζ ,t) = v(ζ )y(t) yielding, after some straightforward manipulations:
with function ω 2 an unknown separation constant and the boundary conditions for the shape function v(ζ ) as:
in passing we observe that the governing equation for the shape function involves the parameter ω 2 that has the role of unknown dynamical frequency shown in equation (3.1b). The separation constant ω 2 ∈ C, with C the complex field, so that ω 2 = ω r + iω i with ω r , ω i ∈ R and i = √ −1 the imaginary unit. 
(a) The characteristic polynomial
Exact solution of equation (3.1a) involves linear combinations of transcendental and trigonometric functions that as we introduce the boundary condition yields the eigenvalue equation among the axial load λ and the dynamic frequency ω. Such a relation, yielding a condition ω = ω(λ) corresponds for each choice of λ, to a different time evolution of the column displacement. The explicit relation ω = ω(λ) is very cumbersome and it is beyond the scope of the paper. In the following, we resort to an approximate representation of the shape function v(ζ ) assuming, as two-terms linear combination as:
where in the latter equation (3.3) we use the sum on the repeated index convention. Shape functions φ j (ζ ) in equation (3. 3) belong to a set of functions that satisfy the boundary conditions φ j (ζ ) = dφ j (ζ )/dζ | ζ =0 = 0 and A j are the unknown coefficients. The use of the two-terms approximation of the space-dependent solution v(ζ ) is a well-established procedure in the context of elastic stability of non-conservative system. The reduction method introduced in equation (3.3) yields, in the case of purely viscous foundation obtained for β = 1 in the proposed analysis an overestimation of the critical load of almost 4% with respect to the exact solution of equation (3.1a) . A similar consideration holds true also for the case of elastic foundation where the overestimation of the critical load obtained with the two-terms expansion with respect to the exact solution is almost 1% [1] . Introducing equation (3.3) into equation (3.1a) yields:
with j = 1, 2 and the sum convention has been used. The unbalance function, ε(ζ ), projected onto manifold defined by two functions φ j (ζ ) yields two algebraic equations in terms of constants A j that read:
where the coefficients ε jk are reported in appendix A. The system of algebraic equations in equations (3.5a), (3.5b) may be solved by an inhomogeneous set of constants A j only if the determinant:
that corresponds to a specific condition among the separation constant ω 2 and the square of the non-dimensional load λ. For any specified value of the axial load, a value of dynamic frequency ω 2 (λ 2 ) is obtained by (3.6) and the solution of equation (3.1b) is obtained as a series of two-parameters Mittag-Leffler functions as:
where E (k) λ,μ (·) is two-parameters Mittag-Leffler function, with k = (0, 1, 2, . . .) [29] . Stability of the solution in equation (3.7) can not be inferred by direct inspection and, in such a case, several strategies to assess the stability of the dynamical system ruled by fractional differential equations (FDE) have been proposed. In more details, Laplace transform of equation (3.1b) yields conditions on the stability by checking poles of the Laplace transform L[y(t)] =ŷ(s) [5, 38] . In the following, a different approach to stability of the FDE is proposed under the assumption of rational values of the derivation order. (b) State-space representation of the dynamic equilibrium equation
The transverse displacement w(ζ , t) of a cantilever column introduced in the previous section is ruled by the two differential equations (3.1a), (3.1b). Separated solutions involve the MittagLeffler series that requires the knowledge of the function ω 2 = ω 2 (λ) by equation (3.1b) but no considerations on the stability of the solution may be inferred. In the section, we aim to provide a solution to the stability problem of the fractional-order Beck's column with an original approach. Let us assume, in the following, that the differentiation order β = p/q, with p, q ∈ N and p ≤ q since 0 ≤ β ≤ 1, may be expanded. Under these circumstances, the time variations of the transverse displacement y(t) is ruled by FDE [42] :
The composition rule of the fractional-order operators namely D
allows to recast equation (3.8) in the form: 9) with the orderβ = 1/q and the coefficients C l = 0 ∀ l = p, 2p and C p = C β , C 2p = 1. Under these circumstances equation (3.9) may be expanded in terms of a state variable vector y(t) with elements:
with the supplementary 2q − 1 equations: with C mp+1 = C β , C m1 = ω 2 , C 12 = C 23 = C 34 = · · · = 1. System of equation (3.12) may be written in matrix form as: 
System of FDE in equation (3.13) may be obtained:
with Φ ∈ C m and χ ∈ C are the eigenvectors and eigenvalues of the matrix C(ω 2 ). Substitution of equation (3.15) into equation (3.13) yields the algebraic system:
where I is the identity matrix to the eigenvalue equation:
Equation (3.16) is an algebraic equation for the problem eigenvalues χ (ω 2 ) and it can always be expressed as:
where A m is a β-dependent coefficient that will be specified as the order of fractional derivative is prescribed. . In the following, we introduce a different approach to the stability of fractional-order Beck's column based on the extension of the Routh-Hurwitz criterion.
As far as the assumption of rational order derivative is removed, then the real-(or irrational) order of derivation may be decomposed, as an example, in terms of the series of partial fractions and an unbounded number of state functions will be involved in the analysis.
(c) Stability analysis of fractional-order Beck's column via extend Routh-Hurwitz criterion
Direct solution of the secular equation in equation (3.18) provides values χ j (ω 2 ) = χ j (ω 2 (λ)) j = 1, 2 . . . , m of the system eigenvalues that may be, χ j ∈ R or χ j , χ * j ∈ C where * denotes complex conjugate. Dynamic stability of the fractional-order set of differential equations in equation (3.12) is provided as [33, 44, 45] :
where we denoted arg(χ j ) the argument of the complex number χ j evaluated in the principal Riemannian manifold that is arg(χ j ) = tg −1 (χ j,I /χ j,R ) with χ j,I and χ j,R the imaginary and real component of complex number χ j , respectively. Stability analysis conducted by direct evaluation of the roots of the characteristic equation (3.18) is a formidable task since no closed form expression of the roots χ (ω 2 ) is available under general differential order β. The seek for eigenvalues χ j (ω 2 ) that fall into the instability region figure 3 may be observed under cases β = 1, resorting to the well-established Routh-Hurwitz criterion arg(χ j ) ≤ |π/2| ∀ j that corresponds to χ j.R ≤ 0 ∀ j [44] . Similar considerations holds to also for case β = 0 yielding dynamic stability as χ j ∈ R − ∀ j. In passing, we observe that under such condition the Hermann-Smith paradox is involved yielding that stability load λ is not affected by the external elastic restraints (β = 0) [2] . A different case is involved as fractional-order hereditary restraints are considered with 0 ≤ β ≤ 1 as in equation (3.9). Indeed, under such circumstances, a vector of the complex phase with origin in x = 0 corresponds to dynamic instability as −βπ/2 ≤ arg(χ j ) ≤βπ/2 as shown in figure 3 In order to extend the Routh-Hurwitz stability theorem to this latter case we observe that, considering complex of conjugated χ j roots on the borders of the sector with arguments:
The introduction of phase shifts
as:χ
yields arguments of the couplesχ j as:
that corresponds to complex roots on the imaginary axis. Complex conjugated roots in the instability region with arg(χ j ) ≤ |βπ/2|, yields after the phase shifts, Re(χ j ) > 0; Re(χ * j ) > 0. Complex conjugated roots within the stable region with arg(χ j ) ≥ βπ/2 and arg(χ * j ) ≥ βπ/2 yields, after phase shifts: Re(χ j ) ≤ 0; Re(χ * j ) ≤ 0. Under these circumstances, as we introduced phase shifts in equation (3.21) as:
and we replace in to equation (3.18) we get a complex coefficients eigenvalue equation in terms of rootsχ j as: 25) where N m+1 = e −iϕ j (m+1) and N m−1 = e −iϕ j (m−1) . In passing, we observe that introducing the complementary rotation χ * j =χ * j e 
Previous considerations yields that phase shift of the stability sector in the complex plane represents a conformal mapping of the C plane with one-to-one correspondence. The aforementioned considerations suggest that stability of a fractional-order dynamical system may be studied via the Routh-Hurwitz criterion applied to the complex characteristic equation in equation (3.25) . Routh-Hurwitz criterion will be applied over the real coefficient characteristic equation S 2 (ω 2 (λ)) = 0 of order 2 m obtained by the product S 2 (ω 2 (λ)) = s(ω 2 )s * (ω 2 ). Signs of the real part of the roots of the equation S 2 (ω 2 (λ)) = 0 will be obtained by the sign of the sequence of determinants.
where k [44] has the structure of:
for k = 1, ·, n, with m j and n j , with j = 1, . . . , n are the coefficients of the characteristic polynomial, m j are the coefficients of the real part and n j are the coefficients of the imaginary part. 
Parametric analysis
The effect of the derivation order β as well as of the anomalous damping coefficient C β on the critical load λ is investigated in this section by means of a specific computational code. The analysis is conducted introducing functions φ j (s) in terms of Duncan Polynomials [12, 46] as: It may be observed from figure 5 that as β = 10 −4 (β → 0 external elastic restraints), the load λ is almost insensitive to the presence of the external restraints as predicted by the Hermann-Smith paradox. At the same time, however, the value of critical load λ does not match those predicted in the presence of elastic restraints (λ = 20.05 [1] ) for τ β → 0. Indeed, the common value λ = 4.13 is obtained as τ β → 0 for any value of the differentiation order β as predicted by Ziegler paradox [3] . The observation of the critical loads for increments of the differentiation order β shows a non-uniform peak. Such a behaviour is shown contrasting figures 6 and 8 observing that, nonmonotonic increments of stability load λ is experienced increasing the value of τ β . Additionally, a shaper increment of the critical load is achieved for β = 0.14 that is almost 80 times higher that the case of classical damping for β = 1. The effect is less evident for other values of the differentiation order β and the maximum values are achieved in correspondence of other values of the dissipation coefficient τ β .
The mechanical behaviour of the column is also influenced by order of differentiation β as shown by figures 9-12 predicting the trend of the critical load λ for prescribed values of the coefficient τ β . It may be observed that the critical load λ is maximum for order β = 0.18 and it increases with the differentiation τ β . The Ziegler paradox is shown by the observation of figure 8 for smaller values of τ β that correspond, for β = 1, to a value of critical load λ = 4.13 that is observed in figure 5 . Hermann-Smith paradox is observable in the stability regions (figures 9-12) for β = 0 since, λ = 20.05 as in the presence of elastic external restraints. The coupled effect of τ β and β is described by the stability surface in figure 13 . In figure 14 , the contour plot associated with the stability surface in figure 13 has also reported to provide an immediate perception of the range of parameter that maximize the stability load. 
Conclusion
In this paper, the authors investigate the stability of the Beck's column resting on a bed of independent linear springpots. The analysis has been conducted resorting to a state-space representation of the fractional-order differential equation ruling the time evaluation of the displacement field of a column. As the fractional differential equation system is established, the stability is assessed by means of a novel approach based on a conformal mapping of the complex plane followed by the application of the Routh-Hurwitz method. The results obtained by the present approach showed that the critical load is strongly influenced by the dissipation coefficient and by the order of differentiation ruling the external springpots. Such effect is evidenced in the enhancement of the critical stability load for values of differentiation order between 0 and 1. The results obtained by the analysis show that the well-known paradoxes observed by Hermann-Smith (for vanishing differentiation order) and Ziegler (for small dissipation and Newtonian damping) are not removed introducing the fractional-order damping. These results have been confirmed both in the present analysis, involving a single external springpot as well as in the previous paper involving the fractional Zener model studied in the context of Laplace transform methods. The influence of generalized fractional-order foundations, as the fractional Zener foundation model, has been also studied in the context of the proposed state-variable approach to stability of Beck's column and it will be reported in a forthcoming paper.
